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Abstract: This work presented the refined neutrosophic indefinite integral, where the substitution 
method for calculating integrals in the refined neutrosophic field that contain two part of 
indeterminacy (J,,/,) was presented. We also proved a theorem through which we were able to find 


most of the integrals for the refined neutrosophic functions. 
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1. Introduction and Preliminaries 


To describe a mathematical model of uncertainty, vagueness, ambiguity, imprecision, 
undefined, unknown, incompleteness, inconsistency, redundancy, and contradiction, Smarandache 
suggested the neutrosophic Logic as an alternative to the current logics. Smarandache made refined 
neutrosophic numbers available in the following form: (@,),1;,b2Iz,...,byln) where 
a,b,,b2,...,b, € R or C [1] 

Agpboola introduced the concept of refined neutrosophic algebraic structures [2]. Also, the refined 
neutrosophic rings | was studied in paper [3], where it assumed that / splits into two 
indeterminacies /, [contradiction (true (T) and false (F))] and J, [ignorance (true (T) or false (F))]. It 


then follows logically that: [3] 


hh = 1? =k (1) 
bbe 1,” =1, (2) 
Iyly = Ihh =h, (3) 


In addition, there are many papers presenting studies on refined neutrosophic numbers [4-5-6-7-8]. 
Smarandache discussed neutrosophic indefinite integral (Refined Indeterminacy) [11] 
Let g:R— RU {1,}U {12} U {13}, where I,,1,, and I; are types of sub indeterminacies, 


g(x) = 7x — 21, + x71, + 4x7, 
then: 
F(x) = f[7x — 21, + x71, + 4x31, ]dx 
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7x" x 
= 7 2xh +h +x4I,+a+bI,+cl,+dl, 
where a and D are real constants. 

Alhasan also presented several papers on calculus, in which he discussed neutrosophic definite 
and indefinite integrals. He also presented the most important applications of definite integrals in 
neutrosophic logic [9-10]. 

Integration is important in human life, and one of its most important applications is the 
calculation of area, size and arc length. In our reality we find things that cannot be precisely defined, 
and that contain an indeterminacy part. This is the reason for studying neutrosophic integration and 
methods of its integration in this paper. 

This paper dealt with several topics, in the first part of which introduction and preliminaries 
were presented, and in the main discussion part the refined neutrosophic indefinite integral that 


contain two part of indeterminacy (J, /2). In the last part, a conclusion to the paper is given. 
2. Main Discussion 


The refined neutrosophic indefinite integral 


Definition 1 

Let f:R(I,I,) > R(,, 1), to evaluate f f(x, 1,,1,)dx 
put: x = g(u) > dx = g(u)du 

by substitution, we get: 


[ fetdax= [ pengeddu 


then we can directly integral it. 


Theorem 1 
If f f(x, 1, l,)dx = v(x, 1, I,), then: 


ie: ((a + bl, +¢l,)x+r+sl,+ tl,) dx 


Se Ae el i+ bl, + él Lt ee 
- (5+ kassasrra|"~ basal ,)o((a+ 1+éh)xtr+sh, +th) + 


where C is an indeterminate real constant (i.e. constant of the form a+ bl, +cl,, where a,b,c are 
real numbers, while 1[,,/, = indeterminacy) and d, #0 ,d,#-—c, and d,# —by — ¢; 


Proof: 
put: (4+ b1,+él,)x+rt+sl,+th =u > (a+bl,+él,)dx= du 


1 


=> dx = SS du 
a+bl,+¢l, 


=d -(; Loe | —_— |1.)a 
t ONG" a@e Obese)! lateral)" 
Da - 1 —ab é 
[ F((a+ bh + eh)x-+1 + 5h, + th) dx = [ reo (;+ Freee cea ess) Perel 
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(:+| ew | : |) (u) +C 
=| ne a a = ape u 
a |laat+a(at+b+a|* laa+ol?/® 
back to the variable x, we get: 
[ F(a bh + e)x+r+sh + tl,) dx 


=(- ate I : I i+ bl, + él Leth) 4C 
= (i+ bearaee rea laa ral) (@+ bn andre ech +e) 


Using the previous theorem, we get on: 


1) [ (a+b + eh)etr 4 sh +th) ax 


° n 
1 ~ab é ((a + bl, +él,)x+r+sl,+ tl,) 
7 (3+ pepeiateer = Fewest jp 
a |a(a+e)(at+b+¢) a(a+é) n+1 
+C 
1 
(a+bl,+¢él,)x+r+sl, + tl, 
(:+| stl | : |x.) \(a+bl, +¢él,)xtr+sl,+tl 
ad ae a rr ae Sips at nila Cc Kroes 
a |a(at+@(atb+e)}* late? ena Pete 
+C 
3) e(atbh tél )xtrtsh +tly dx 
= (;+ es) — [| J eCorbnect rere +C 
ad la(a+e(atb+e)}* la@t+el’ 
1 
4) _———— 
(a+ bl,+él,)x+r+sl,+tlh 


-2(2+| |! -[asale) (a+ bl, + ély)x+r+sl, +tl 
a’ laat+a(atb+e|* laa@+ol”? pias _ 
+C 
5) [ cos (a+b +eh)etrt sh +th)ax 
i) —ab é eet 
= (3+ Freiceeess| I, - pees I.) sin (a+ bl, + él, )x +rt+sl,+ tl,) 
+C 
6) | sin (a+ bl, +él)x+r +s, + tl,) dx 
1 —ab é on fe 
=— (; + Feswaceeess| I, - lara I, eos (a+ bl, + él, )x +rt+sI,+ tl,) 
+C 
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7) | sec ((a + bl, +¢l,)x+r+sl,+ tl,) dx 


(lb BS ess os 
=(5- aap!) tam (at bh + eh)x tr + sh + th) +C 


8) [ ese’ ((a + bl, +¢él,)x+r+sl, + tl,) dx 


oe —ab , é iy, aes or 
=-(i+ leapates ba)" lacara)eoe((e+ bh tender tn ten) 


+C 
9) | sec ((a+ bh, + eh)x +r + sh +th) tan (a+b, + él,)x +r +s, + tl,) dx 


= (= zi! I : if i+ bl, +él lL +tl 
= (i+ agaeertral aera) see (e rin tender rt sn +e) 


+C 


10) | esc ((a+bl, +él)x+r+sl, + th) cot (a+ bl, +él,)x +1 + sl, + th) dx 


= (; + aero ies [| I, ese ((a +bl, +él)x+r+sl, + tl,) 
a |a(at+e)(at+b+e) a(a + ¢) 
+C 
Example 1 
es, (i 8 3 ((2-41, + 3l,)x +7) 

1) [(@ — 4], +3l,)x+7) dx = (5+ laeol - feral J.) C 
(1.4 ((2— 41, + 31,)x + 7)" 
= (5+ Fett = yh) ec 


1 
ae eee eee eee, 
) | (=a ra EFT - 


= (74 *laaael — Le] 2) m7 - 51, F 6L)e HA HE HIEC 


1 5 6 
=(S+ag4- ah In) In|(7 - Si + 6b e+ 214 bl+C 


3) [ estes dx = (1 ae eee fe a ty) e(ith)x-6h 4.¢ 


1 
= (1 -_ sh) e (1+l2)x-6l2 +C 


4) | cost + 31, + 91,)x + 71,) dx 


= (5 + =o hes aos In) sin((3 +31, +91,)x+7h)+C 


a a 
z (s-zh é. zh) sin((3 +31, +9)x+7h)+C 
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5) J secr(-4 + 31, + 8I,)x — 2I,) dx 


es (> e sane n= sas ly) tan((—4 + 31, + 8l,)x — 2p) + C 


-1 3 1 
= [— alert 5h) tan((—4 + 31, + 8I,)x — 2I,)+C 


6) [ ese(a — 31, +1,)x) cot((1 — 31, + I,)x) dx 


- (1 + Lara L- seal ty) esc((1 — 31, + 1,)x) +C 


Bu oot 
=- (1 =5h —5h)ese((A — 31, +1,)x)+C 


Bo .| 
= (-1 Fs tach sh) esc((1 — 31, + 1,)x) +C 


1 
7) [————« 
/G0 —1, + 8I,)x+9—4I, 
=2(—+| |: : |) Yao Eesijey O40 40 
~ “\40" [a0dasa7! loc) 2 pea 1 
=2(— ay = 1,) (GO E =ehjxc+9 4h 4+¢ 
= To’ 306/145 2 (10 — 1, + 81,)x +9 — 41, + 


1 2 


4 
= (sth - Zh) (0-7, +81,)x+9-41, +€ 


Theorem 2 
Let f:R(U1,1,) > RU, 1), then: 


fotils) 
——— dx =l ,L,1 C 
Celis) x nif (x 1 2)I oF 
Proof: 
put: f(x, 1,12) =u => f(x,l,l,)dx = du 
1 
dx = =———. du 
fh, In) 
=>dx=—- du 
: u 
x,1,,1 ul 1 
LG tte) x= [i odu= | cau = inlul +6 
fh.) uu u 


back to the f(x, ,,1,), we get: 


f@ tut) 


———dx = 1,1 C 
fem eS 


Example 2 


(1 — 21, + 3Ip)x? 
| c= 


1 
a iy = ANG SEL BOR ee a, STC 
Oa og Aa el 
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4-[,4+]1 e(4- 14 +1z)x+5 
| Sasa 1 +1) 


_ (4-Iy412)x+5 _ 
e(4-tlg)x+5 — 101, dx = Inle Aiea 101,| +C 


sin((1+1,+1,)x+7h) 
cos(1 +1, +1,)x +71,) 


1 
= nal hy) In|cos((1 + I, + 1,)x + 71,)|+C 


3) { tan((1+1,+1,)x +71) dx = | 
—(14 rec ii 


dey, 
= (-1 +eh+ sh) In\cos((1 +1, + 1,)x + 71,)|+C 


1 1 
OO —— a | 
| 1+ tan(5 — 21, — 21,)x | 1 SinG = 2h, = 21,)x ‘a 
cos(5 — 21, — 21,)x 


_ =5/ 2cos(5 — 21, — 21,)x 
cos(5 — 21, — 21,)x + sin(S — 21, — aie 


1 i cos(5 — 21, — 2I,)x + sin(S — 21, — 2I,)x +cos(5 — 21, — 21,)x — sin( — 21, ai)x 
2 cos(5 — 21, — 2I,)x + sin(S — 21, — 2I,)x . 


Zz fa 5{ a 21, — 2I,)x — sin(S — 21, — 21,)x 
-2 cos =2h = 21, ek ¥sin(S = 2), =2L x 


a eee I Seal Ny S07, =} iG On =F C 
=5+5(s+lo@al -lSal ») n|cos( = 17 2)x + sin( _ 17 2)x| + 


1 1 
=sx+ (= +=1,+ +h) In|cos(5 — 21, — 21,)x + sin(S — 21, — 21,)x|+C 


Theorem 3 
Let f:R(U4,1,) > RU,,1,), then: 


L,1 
— Ft b) a 9 F(x tala) + 
Vi (x, [a 
Proof: 
put: f(%, 1,12.) =u => f(x,l,l,)dx = du 
1 
=> dx = ———- du 
f(T, 1I2) 
=>dx=- du 
u 
L,1 
— fOhvk) x= [=e au = [ = du =2Vu+C 
VI ED): 


back to f (x, I,,/,), we get: 


— f(x, 1,1) dx =2 f@hL)+€ 


Vi (% 12) 


Example 3 
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—(1+ 21, + 2I,)x + 51 
1) | ae = —/ (2 + 41, + 41,)x? — 10I,x + C 


(2 + 41, + 41,)x? — 101,x 


2»{ (5 — 31, + 81,)x? d ee (5 — 3/1, + 8/,)x? —21,+71,4+C 
(5 — 31 “3 ts “ 


, + 81,)x3 — 21, + 71, 


Theorem 4 
f: RC, 12) > RC, 1,), then: 


Gee Cee Oo | Mae 4¢ 
n+1 


[UG mer fetsh) a= 
Proof: 
put f@,,h)=u => f(x,l,l,)dx = du 


=> dx = ———__ du 
fh, hh) 


1 
=>dx=- du 
u 


: Be 7 
[Gna f(a ,I) ax= [iu tau = [wu a eee 


back to f (x, 1,,1,), we get: 


GALE 4¢ 


[UG me fGstsh) d= 


Example 5 
1 
1) | x7[( + 21, + 21,)x?|"dx = al 3x7[(3 + 21, + 21,)x?]*2dx 


1 [(3 + 21, + 21,)x3]8 


— #€ 
9 + 61, + 61, 13 


[(3 + 21, + 21,)x?]** 


= (+ lsaaanl!- Laas 1.) 13 is 


+C 


( 2 2 ) [(3 + 21, + 21,)x3]8 


fae ee ae 
9 1051 457? 13 


14 
(/@+i+i)x—-l, 42h) dx 


2) { ——______ 
(2+1,+1)x— I, + 2], 


a A ee 
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dee yp Ciceae RE 


ees oe ey 
61 2 15 


+C 
3 


3. Conclusions 


The integral is very important in our life, and is used especially for example in calculating areas 
whose shape is not familiar. This led us to study the refined neutrosophic indefinite integral that 
contain two parts of indeterminacy (1,,/,). Where the method of integration by substitution are 
applied to the neutrosophic functions by presenting several theorems through which we were able 


to apply them to directly find the refined neutrosophic indefinite integral. 
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